A stochastic mutualism model is proposed and investigated in this paper. We show that there is a unique solution to the model for any positive initial value. Moreover, we show that the solution is stochastically bounded, uniformly continuous and globally attractive. Under some conditions, we conclude that the stochastic model is stochastically permanent and persistent in mean. Finally, we introduce some figures to illustrate our main results.
Introduction
Population systems have long been an important theme in mathematical biology due to their universal existence and importance. As far as mutualism system is concerned, lots of proofs have been found in many types of communities. Mutualism occurs when one species provides some benefit in exchange for some benefit. One of the simplest models is the classical Lotka-Volterra two-species mutualism model, which reads
There are many excellent results on the two-species mutualism model (). It is well known that in nature, with the restriction of resources, it is impossible for one species to survive if its density is too high. Thus the above model is not so good in describing the mutualism of two species (see [] ). Gopalsamy [] proposed the mutualism model as follows:
where N  (t) and N  (t) denote population densities of each species at time t, r i denotes the intrinsic growth rate of species N i and α i > K i , i = , . The carrying capacity of species N i is K i in the absence of other species, while with the help of the other species, the carrying capacity becomes (K i (t) + α i (t)N -i (t))/( + N -i (t)), i = , . It is assumed that the coefficients of the system are all continuous and bounded. Li -c  (t)y(t)].
()
As a matter of fact, population systems are often subject to environmental noise, i.e., due to environmental fluctuations, parameters involved in population models are not absolute constants, and they may fluctuate around some average values. Based on these factors, more and more people began to be concerned about stochastic population systems (see [-] [] discussed the persistence in mean of a predator-prey model with stochastic perturbation. Now, taking into account the effect of randomly fluctuating environment, we incorporate white noise in each equation of the system (). Therefore, the non-autonomous stochastic system can be described by the Itô equation
where 
For any sequence {f i (t)} (i = , ) definê
To the best of our knowledge, a very little amount of work has been done on the stochastic system (). Therefore, we aim to consider dynamical properties of the stochastic model () in this paper.
Since stochastic differential equation () describes population dynamics, it is necessary for the solution of the system to be positive and not to explode to infinity in a finite time. In this paper, we firstly show that the stochastic system () has a unique global (no explosion in a finite time) solution for any positive initial value in Section .. To a population system, the stochastic boundedness is one of most important topics. Section . tells us that the stochastic model () is stochastically ultimately bounded. Furthermore, we will show that the solution of () is uniformly continuous and globally attractive in Section . and Section . respectively. Moreover, we obtain that the stochastic system is stochastically permanent (cf. [, ]) in Section . Section  shows that the stochastic system is persistent in mean (cf. [, ]). And under some conditions, we discuss the stochastic extinction of http://www.advancesindifferenceequations.com/content/2013/1/37 the system () in Section . We work out some figures to illustrate the various theorems obtained before in Section . Finally, we close the paper with conclusions in Section . The important contributions of this paper are therefore clear.
Basic properties of the solution

Positive and global solution
Throughout this paper, let ( , F, {F t } t≥ , P) be a complete probability space with a filtration {F t } t≥ satisfying the usual conditions. We denote by R 
where, throughout this paper, we set inf ∅ = ∞. Obviously, τ m is increasing as m → ∞. Let
On the other hand, we have
It follows from () that
Letting m → ∞ leads to the contradiction ∞ > V (X  ) + KT = ∞. Hence, we have τ ∞ = ∞ a.s. The proof is complete.
Stochastic boundedness
Stochastic boundedness is one of most important topics because boundedness of a system guarantees its validity in a population system. We first present the definition of stochastically ultimate boundedness.
is said to be stochastically ultimately bounded if for any ∈ (, ), there is a positive constant δ = δ( ) such that for any initial value X  ∈ R  + , the solution X(t) to () has the property that
Theorem  The solution of the system () is stochastically ultimately bounded for any initial value X
Proof By Theorem , the solution X(t) will remain in R  + for all t ≥  with probability . Define the function V = e t x p for p > . By the Itô formula, we obtain
Hence we have
On the other hand, define the function V = e t y p for p > . We have 
Applying the Chebyshev inequality yields the required assertion.
Uniform continuity
In this section, we show the positive solution X(t) = (x(t), y(t)) is uniformly Hölder continuous. Main tools are to use appropriate Lyapunov functions and fundamental inequalities. 
Lemma  ([, ]) Suppose that a stochastic process X(t) on t ≥  satisfies the condition E|X(t) -X(s)|
α ≤ c|t -s| +β ,  ≤ s, t < +∞,|X(t, ω) -X(s, ω)| |t -s| γ ≤   - -γ = .
In other words, almost every sample path ofX(t) is locally but uniformly Hölder-continuous with exponent γ .
Theorem  For any initial value
(x  , y  ) ∈ R  + , almost
every sample path of X(t) = (x(t), y(t)) to () is uniformly continuous on t ≥ .
Proof Let us consider the stochastic equation as follows:
It follows from Theorem  that
and
By the moment inequality (cf. [, ]) then for  ≤ t  < t  < ∞ and p > ,
where dropping (s, x(s), y(s)) from f  (s, x(s), y(s)) and g  (s, x(s), y(s)). Consequently, it follows from Lemma  that almost every sample path of x(t) is locally but uniformly Hölder continuous with an exponent γ ∈ (, p- p ), and therefore almost every sample path of x(t) is uniformly continuous on t ≥ .
Similarly, by virtue of Lemma , almost every sample path of y(t) is uniformly continuous on t ≥ . In a word, almost every sample path of (x(t), y(t)) to () is uniformly continuous on t ≥ .
Global attractivity
Here we show that the solution of () is globally attractive.
Lemma  (Barbalat []) Let f (t) be a non-negative function defined on [, +∞) such that f (t) is integrable on [, +∞) and is uniformly continuous on [, +∞). Then lim t→∞ f (t) = .
Definition  Let X  (t) = (x  (t), y  (t)) and X  (t) = (x  (t), y  (t)) be two arbitrary solutions of the system () with initial values (x  (), y  ()) ∈ R  + and (x  (), y  ()) ∈ R  + respectively. If
then we say the system is globally attractive.
Theorem  Let c  (t) -
|(b  (t) -b  (t))| > , c  (t) -|(a  (t) -a  (t))| >  on [, +∞) hold. Then, for any initial value X  = (x  , y  ) ∈ R  + ,
the solution X(t) = (x(t), y(t)) is globally attractive. http://www.advancesindifferenceequations.com/content/2013/1/37
Proof The proof is motivated by the arguments of [] . Define the Lyapunov function V (t) = |x  (t) -x  (t)| + |y  (t) -y  (t)|. By virtue of the Itô formula, we obtain
Integrating the above inequality from  to t, there exists a positive constant K such that
Therefore, it follows from Theorem  and Lemma  that
So, we complete the proof.
Stochastic permanence
The property of permanence is more desirable since it means the long time survival in a population dynamics. Now, the definition of stochastic permanence will be given below [, ].
Definition  The solution X(t) = (x(t), y(t)) of equation ()
is said to be stochastically permanent if for any ∈ (, ), there exists a pair of positive constants δ = δ( ) and χ = χ( ) such that for any initial value X  = (x  , y  ) ∈ R  + , the solution X(t) to () has the properties that
Let us now impose a hypothesis. Theorem  Under Assumption , for any initial value X  = (x  , y  ) ∈ R  + , the solution X(t) = (x(t), y(t)) satisfies that
where θ is an arbitrary positive constant satisfying
and k is an arbitrary positive constant satisfying
And also define U(X(t)) =  V (X(t))
on t ≥ . Applying the Itô formula, we get
where
(X(t)), V (X(t)) and t from x(t), y(t). Under Assumption , choose a positive constant θ such that it obeys (). By the Itô formula again, we have
Now, choose k >  sufficiently small such that it satisfies (). Thus by the Itô formula,
The following analysis mainly focuses on the upper boundedness of the function
We compute
y(t). Simplifying the inequalities above, we obtain
Then () implies that there exists a positive constant K such that
This implies
Theorem  Let Assumption  hold. Then the system () is stochastically permanent.
The proof is an application of the well-known Chebyshev inequality and Theorems  and . Here it is omitted.
Persistence in mean
In view of ecology, a good situation occurs when all species co-exist. In this section, we will consider another stochastic persistence, that is, stochastic persistence in mean. Now, we present the definition of persistence in mean.
Definition  (see [, ]) The system () is said to be persistent in mean if
Firstly, we introduce a fundamental lemma which will be used. ≤  a.s. To define the Lyapunov function V (t, x) = e t ln x, using the Itô formula, we obtain
Lemma  Consider the one-dimensional stochastic equation dx(t) = x(t) a(t) -b(t)x(t) dt + σ (t)x(t) dB(t), ()
By virtue of the exponential martingale inequality, for any positive constants T, δ, β, we have
Choose T = kγ , δ = n e -kδ and β = θe kδ ln k n , where k ∈ Z + ,  < < , θ >  and γ >  above.
Obviously, we know
Applying the Borel-Cantalli lemma, we obtain that there exists some i ⊂ with P( i ) =  such that for any ω ∈ i , an integer k i = k i (ω) such that for any k > k i , we get 
So, the strong law of large numbers of local martingales yields that
Hence, for any > , there exists some positive T < ∞ such that
Then, for any t > T, To continue our analysis, let us impose the following hypothesis.
Theorem  tells us there is a unique global solution (which is positive for any initial value X  = (x  , y  ) ∈ R  + ) to the stochastic system (). So, we conclude the following results by the comparison theorem. We can get
Denote that X  is the solution to the following stochastic equation:
with X  () = x  . And X  is the solution to the equation
We denote Y  (t) is the solution of the stochastic differential equation
with Y  () = y  . And the stochastic equation
Dividing t on the both sides, letting t → ∞ and applying the strong law of large numbers for local martingales, we have
Numerical simulations
In this section we use the Milstein method mentioned in Higham [] to substantiate the analytical findings. For the model (), we consider the discretization equation:
where ξ k and η k are Gaussian random variables that follow N(, ). In Figure a , we can observe that small environmental noise can retain the stochastic system permanent; however, sufficiently large environmental noise makes the stochastic system extinct.
Conclusions
In this paper, we consider the stochastic mutualism system (). We show that there is a unique positive solution to the model for any positive initial value. Moreover, we show that the positive solutions are uniformly continuous, globally attractive. Especially, we conclude the following: under Assumption , the stochastic model () is stochastically permanent; under Assumption , the stochastic model () is persistent in mean. It is interesting and surprising to obtain the results. It is easy to see that Assumptions  and  have almost the same meaning. To a great extent, when the intensity of environmental noise is not too big, some nice properties such as non-explosion, boundedness, permanence are
